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Abstract. We express the classical p-adic integers Zp, as a metric space, 
as the final coalgebra to a certain endofunctor. We realize the addition 
and the multiplication on Zp as the coalgebra maps from Zp x Zp. 


1 Introduction 

The set of p-adic integers Zp, for a prime p, has been of mathematicians’ interest 
for centuries. It is also known that the p-adic integers can be visualized as fractals 
(see |Cuoco9l| b In recent past Leinster ( [LeinterlT] ') showed that many fractal 
like objects, often called self similar spaces can be obtained as final coalgebra 
for certain functors. Recall that. 

Definition 1 Given an endofunctor F : C ^ C, an F-algebra is a pair (AT,/) 
such that X is an object of C and f : F{X) —> X. Similarly F-coalgebra is a 
pair {Y,g) such that Y is an object of C and f :Y ^ F{Y). The initial object 
in the category of F-algebra is known as initial T’-algebra and final object in the 
category of F-coalgebra is the final F-coalgebra. 

Initial algebra results are very important due to the connection of initiality 
and recursion. In recent years, final coalgebra results are also important. The 
logic-related importance comes from connections to circularity, streams, non- 
wellfounded sets. It also has a lot of computer science connections: processes 
that run forever, bisimulation, and related concepts. Often it is found that one 
can take an area of classical mathematics and put it under the same roof as all the 
other final coalgebra results. Many historically important mathematical objects 
have been realized as the initial algebra or the final coalgebra for certain functors. 
There is a plethora of such examples: natural numbers, infinite-binary trees, 
the unit interval, Serpenski Gasket, streams and many more. A wide variety of 
such examples are discussed in |AMMllRu2000) . The purpose of the paper is to 
establish that the p-adic integers Zp is the final coalgebra as a metric space. We 
do not claim to find any new property or result about the p-adic integers. Rather 
the method in this paper provides a new universal characterization of the p-adic 
integers. 

Let us pause for a moment to recall the basics of p-adic integers. As a ring 
Zp is obtained as the inverse limit of the diagram 

... ^ Z/p- ^ ... ^ Z/p2 ^ z/p, 








where the map —)• Z/p" is the canonical quotient map obtained 

by reduction modulo p". Each element a G Zp can be expressed as an infinite 
stream 

a = (..., 02 , Oi, oq) 

where each at G {0,l,...,p — 1}. Such a stream should be thought of as the 
power series X]i=o more specifically the inverse limit of the elements 

n 

'^n{a) = ^ Qip"- € 

This makes sense as qn{Tn(a)) = T„_i(a). Moreover, Zp is a metric space with 
the p-adic distance 

dp(a, b) = p“* 

if i is the least number such that p* \ a — h. Representing the p-adic integers 
as streams we see that d{a,b) = p* if Ofc = bk ioi k < i but ak+i ^ &fc+i- This 
metric on Zp is in fact an ultrametric, i.e. the metric satisfies a stronger triangle 
inequality 

dp(a,c) < max{dp{a,b),dp{b,c)}. 

Another fact that is worth mentioning for the purpose of the paper is that the 
natural numbers N with the p-adic metric is embedded inside Zp and its image is 
a dense subset. To see this notice that the image of n £ N is (..., 0,0, Ofe,..., oq) 
if n = hence N sits inside Zp as the set of streams of finite length. 

The p-adic integers form a ring, i.e. they have addition and multiplication. If 
we restrict the addition and multiplication to N we get the usual addition and 
multiplication of N. Though p-adic integers look like a power series, its addition 
and multiplication are very different from the addition and multiplication of 
power series as there is a notion of ‘carry over’. For details about the properties 
of the Zp reader may refer to |Serre73j . 

Notation 2 Let U be the category of 1-bounded ultrametric spaces, i.e. ultra¬ 
metric spaces with diameter at most 1, and morphisms are nonexpanding maps, 
i.e. a morphism f : P ^ Q satisfies 

dQ{f{x),f{y)) < dp{x,y). 

We will denote W* for the category of pointed 1-bounded ultrametric spaces. 
CIA and ClA^, will denote the category of 1-bounded Cauchy complete ultrametric 
spaces and the category of pointed 1-bounded Cauchy complete ultrametric spaces 
respectively. 

Now we describe the results that are obtained in this paper. Consider the functor 

Pp-.U —>U 

which maps X ^ x Vp, where Vp = {0,...,p — 1} with discrete metric and 
iX represents the metric space obtained by contracting X by a factor of p. The 
main result in Section [2] is the following. 




Main Theorem 3 The underlying metric space of Zp denoted by Zp, is the 
final J^p-coalgebra in U with the coalgebra map 


4> ■ Zp 


Zp X \^p 

P 


where (j){a) = ((..., 02 ,ai), oq). 

In Section [3l we give Zp x Zp two different coalgebra structures by explicitly 
defining the two maps 


A,M : ZpX Zp 


(Zp X Zp) X 

p 


in such a way that we have the following two results. 

Main Theorem 4 The final Tp-coalgebra map a : {Zp x Zp,A) —>■ {Zp,(j)) is 
the p-adic addition. 

Main Theorem 5 The final Tp-coalgebra map pL : {Zp x Zp,M) —>■ {Zp^tf) is 
the p-adic multiplication. 
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2 The Final .T^p-coalgebra 

In this section we show that the underlying metric space of Zp, which we denote 
by Zp, is the final J’p-coalgebra. The following results provide techniques to 
obtain initial algebras and final coalgebras. 

Theorem 6 (J.Adamek) Let C be a category with the initial object _L and F be 
an endofunctor on C. Suppose that the colimit of the initial u-chain, i.e. 

F{r)^ F^{L)^^ ... 

exists and F preserves the colimit, then the initial F-algebra is the object 

fiF = limF"(_L). 

UJ 

The dual version of the above theorem is due to M.Barr (see [Barr93[fAMM| 1. 
and it helps us to produce the final F-coalgebra under suitable conditions. 




Theorem 7 (M.Barr) Let C he a category with the final object T and F be an 
endofunctor on C. Suppose that the colimit of the final co-chain, i.e. 


F{i 


T 


exists and F preserves the colimit, then the final F-coalgebra is the object 

z/F = lmF”(T). 

LJ 

Remark 8 The metric of the cartesian product of two objects in lA is different 
from the metric of the cartesian product in the category of metric spaces. To be 
precise the cartesian product in U for two objects {X,dx) and (Y,dY), is the 
ultra-metric space {X x Y, dxxv), where 

dxxY{{xi,yi), {X2,y2)) = max{dx{,xi,X2),dY{yi,y2)}- 


Thus one can check that in the infinite cartesian product 


V=...x 


1 


1 


1 


— Vp X ... X —^Vp X -Vp X Vp 

pU p2 p 


the distance function is given by the formula 

dv {{..., 02 , oi, oo), (..., & 2 , hi, bo)) = p~'- 


where i is the smallest number such that Oi f^hi. Thus V = Zp is an ultra-metric 
space. 

Proof (Proof of Main Theorem\^. Note that the category U has a final object 
T, the one point set. First we notice that by forgetting the metric structure, i.e. 
Fp as an endofunctor on sets, is the functor that sends X X xVp. By using 
Theorem [3 or otherwise one can conclude that the final J-p-coalgebra on sets is 
the infinite cartesian product of Vp, which is isomorphic to the underlying set of 
Zp (see Remark [8] for further clarification). We will show that Zp is indeed the 
final Fp-coalgebra in Li. 

So assume that {X, f) is an Fp-coalgebra in lA where f is a nonexpanding 
map. Since the underlying set for Zp is final, there exists a nnique set map 

g : X —Zp 

with the diagram 

X-^ iX X fop (1) 

9 J^p{g) 

Zp -)■ iX X Vp 

P <j> p P 


commuting. Thus one can check that g{x) = (..., 02 , oi, oq) if the composite 


X ^-X xVp^-h^^ 
p 


—^x X —Vp X ... X fop 
pU+l p^ P P 


sends x 1 -^ (x', (op, ■ ■ •, oq)). 


( 2 ) 







Claim 1 The map g as a map of metric spaces is nonexpanding i.e. 


dzj,{9{xi),g{x2)) < dx{xi,X2), 


hence a morphism in Li. 

Notice that the map / and are all nonexpanding maps. Thus the com¬ 

posite of the maps in the Diagram [TJ further composed with the projection map 
onto ^Vp X ... X ^Vp X Vp, is nonexpanding. This composite can also be regarded 
as TTn o g where 


‘^n ■ ^ _ 1^ X ... X \^p X \^p 

“ P" P 

is the projection of Zp onto its first n + 1-coordinates. Thus 7 r„ o p is 1-bounded, 

i.e. 

dr^„{Zp){T^n{9{xi)),TTn{g{x2))) < dx{xi,X2). 

For the map g : X ^ Zp we have the equality 

dzpi9ixi),g{x2)) = max{dr^^(^Zp)iT^ni9ixi)),TTnigix2))) : n G N}. 

Thus we get dzp{g(xi), g{x 2 )) < dxixi,X 2 ), i.e. 5 is a nonexpanding morphism. 
Moreover, g is unique in U, as it is unique as a set map. Hence Zp is the final 
J^p-coalgebra in U. 

Remark 9 Having established Zp as the final Xp-coalgebra reader may be cu¬ 
rious to know the initial iFp-algebra. The category lA does not have any initial 
J-p-algebra. However, if we consider LFp as an endofunctor oflA^, which has an 
initial object T, one can use Theorem\^to see that the initial LFp-algebra is the 
colimit of the diagram 

T— xVp —5-T X ^Vp X Vp — >• .. . —>-T X —14, x ... ^14, x I 4 —>• . ■. 

p p^ p 

which is the set of finite streams in Vp. The argument is similar to the proof of 
Theorem O hence left to the reader. In fact this set can be identified with the 
set of natural numbers N with the p-adic metric under the map (a„,..., oq) 

V we work in ClA^,, then we see that the initial Hp-algebra is the 
Cauchy completion ofN with the p-adic metric, which is precisely Zp. 

3 The Addition and the Mnltiplication in Zp 

The addition and the multiplication in Zp have the notion of ‘carry over’, hence 
are different from the addition and multiplication of power series. It is convenient 
to establish some notation before we give explicit formula for the p-adic addition 
and multiplication. 


Notation 10 Fix a prime p. For any integer n, define [n]p to he the number in 
{0,... — 1}, which is in the congruence class of n modulo p. Define kp{n) to 

he the unique number such that we have the formula 

n = kp{n)p + [n]p. 

Definition 11 The p-adic addition is a map a : Ijp x Zp ^ Zp, such that 
a{a,b) = (..., [a 2 {a,b)\p, [ai{a,b)]p, [ao{a,b)]p), 

where 

Oi : Zp X Zp —> N 

is given by the inductive formula 

(i) ao{a, b) = ao + bo and 
(a) ai{a, h) = Oi + hiF fcp(ai_i(a, b)). 

Definition 12 The p-adic multiplication is a map p : hp x hp ^ Zp, such that 
p{a, b) = [p 2 ia, b)]p, [pi{a, b)]p, [poia, b)]p), 

where 

Pi -.Zp X Zp —> N 

is given by the inductive formula 

(i) po{a,b) = oo&o o,nd 
(a) pi{a,b) = Yli=o + kp{pi-i{a,b)). 

The key property of the addition and the multiplication of Zp is that when 
restricted to the image of N, they are the usual addition and the multiplication 
of N respectively. Since N is dense in Zp it is enough to check that the addition 
and the multiplication on N are nonexpanding with the p-adic metric on N, to 
conclude that a and p are nonexpanding maps. Recall that the p-adic metric on 
N is given by 

dp{m,n) = 

where v(k) is the valuation, i.e. the maximum power of p which divides k. Since 
the valuation function satisfies 

v(m -I- n) > max{v{m), v{n)} 


and 


vfmn) > max{v{m),v(n)}, 


the addition and the multiplication maps on N are nonexpanding. 

For convenience, let’s denote the natural number with the p-adic metric by 
Np. Notice that the coalgebra map on Zp restricted to Np gives a coalgebra map 
on Np 


f’Nj, : Np 


-Np X Vp 

P 



where n M- ([n]p, fcp(n)). In order to get the addition and multiplication on Zp 
as J^p-coalgebra maps, we define two different coalgebra structures on Np, i.e. 
maps 


A,M : NpX Np 


-{Np X Np) X Vp 


such that the addition on natural numbers is the J^p-coalgebra map from {Np x 
Np, a) {Np, ipNp) and the multiplication on natural numbers is the J^p-coalgebra 
map from {Np x Np,A) —> {Np, Let A and M be the Cauchy completion 
of A and M respectively. It is not hard to see from the properties of A and M 
that the final maps {Zp x Zp, A) {Zp, </>) and {Zp x Zp, M) — > {Zp, (p) are the 
addition map a and the multiplication map /i, respectively. 


3.1 The addition in Zp 

Let A : Np x Np ^{Np x Np) x be the map given by the formula 

A{m,n) = {A 2 {m,n),Ai{m,n),Ao{m,n)) = (fcp(TO)+A:p([m]p+[n]p), fcp(n), [m+njp). 


Proposition 13 The map A is a nonexpanding map. 

Proof. If dp{{mi,ni), (m2,n2)) = = 1 then there is nothing to check as all 

the metric spaces are 1 -bounded. If dp{{mi,ni), {m2,n2)) = p~\ where i > 1 , 
we need to show that 

(i) dvp{Ao{mi,ni),Ao{m 2 ,n 2 ))<p~'‘and 

(ii) for k e { 0 , 1 , 2 }, dNp{Ak{mi,ni), Ak{m2,n2)) < in Np as we are 

contracting the image of these maps by a factor of A 

Observe that p* | mi — m2 and p* | ni — n2. In particular, we see that 

Ao{mi,ni) - Ao{m 2 , 712) = [mi + njp - [mi + n 2 ]p 

= [mi + ni - m2 + n2]p 

= 0 

Thus dvp{Ao{mi,ni),Ao{m2,n2)) = 0 . Next we will show that 
p*“^ I Ak{mi,ni) - Ak{m 2 ,n 2 ) 

for k € {I, 2 }. Notice that if p* j mi — m2, then [mi]p = [m2]p. As a result 
mi — m2 = (fcp(mi) — kp{m2))p 

which means that p*“^ | (fcp(mi) — kp{m2)). Similar arguments show that p*“^ j 
(fcp(ni) — kp{n2)), thus the map A2 satisfies the desired condition. Using the fact 
that [mi]p = [m2]p and [mjp = [n2]p, we get [mi]p + [ni]p = [m2]p + [n2]p, hence 

kp{[mi]p + [ni]p) = kp{[m2]p + [n2]p) 

. This concludes the result for the function Ai. 



Before we prove the main result, we need to prove a short technical result for 
the function kp. 

Lemma 14 The following formula holds: 

kp(mp + n) = m + kp{n) 

Proof is left to the reader to verify. 

Proof (Proof of Main Theorem W- We need to verify that the diagram 


Np X Np -4 MNp X Np) X Vp 


+ 

N, 


p 


^p(+) 


->■ iW X Vp 


(3) 


commutes. So we need to show that 


{kp{n + m), [m + n]p) = {Ai{m, n) + A 2 {m, n), [m]p + [n]p). 

Clearly, 

[m + n\p = [m]p + [n]p. 

Further, 


kp{m + n) = kp{kp{m)p + [m]p + kp{n)p + [n]p) 

= kp((kp{m) + kp{n))p + [m\p + [n]p) 

= fcp(m) + kp(n) + kp{[m]p + [n]p) by Lemma fT^ 
= ^i(m,n) + A2{m,n) 

Now applying the Cauchy completion functor to the Diagram [3] we get. 


Zp 


X Zp 


a 



Zp) X Vp 


(4) 


Remark 15 Someone who is curious about the formula for A may check that 
A{a, h) = {a{T{a),r),T{b), [oq + bo\p). 

Here T is the tail function, i.e. T {{..., 02 , oi, oo)) = (..., 02 , oi), a is the p-adic 
addition and r = (..., 0, fcp(ao + &o))- 










3.2 The multiplication in Zp 

Let M : Np X Np ^ pi^p ^ ^p) x be the map such that M{m,n) = 
{M2{m,n), Mi{m,n), Mo{a,b)) where 


— Mo(m,n) 

— Mi{m,n) 

— Mi(m,n) 


[mn]p, 

f m if [n\p = 0 
^ kp{mn) if [n]p ^ 0 
f kp(n) if [n\p = 0 
\ 1 if [n]p ^ 0 


We must check: 


Proposition 16 The map M is nonexpanding. 

Proof. In order to show M is nonexpanding, we must show that Mq, Mi and 
M2 are nonexpanding. It is easy to verify that Mq is nonexpanding, hence left to 
the reader. In order to check that Mi and M2 are nonexpanding, we must verify 
that whenever p* | mi — ni and p* | m2 — n2 where i > I, p*“^ | (Mfc(mi,ni) — 
Mfc(m2,n2)) for k € {1,2}. 

Case 1. When [mjp ^ 0 and [n2]p 7^ 0 . 

In this case M2(mi, ni) — M2(m2, n2) = 0 , hence satisfies the required condition. 
Since p* | mi — ni and p* | m2 — n2, we may write mi = oip* + ni and m2 = 
a2P* + n2. Thus, 


17111712 — nin2 = p^*aia2 + p*(aiW2 + a2mi). 

Thus [mini]p = [m2n2]p. Moreover 

Mi(mi,ni) — Ml (m2,712) = fcp(mini) — kp{m2n2) 

_ mini — [miuijp m 2 n 2 — [m 2 n 2 ]p 

p p 

mini — m2n2 

P 

which is divisible by p*“^. 

Case 2. Either [ni]p 7 ^ 0 and [n2]p = 0 or [mjp = 0 and [n2]p 7 ^ 0 

In this case p divides one of ni and n2, thus ni — n2 is not divisible by p and 

rfiVpxiVp((wi,ni), (m2,n2)) = 1. 

Since we are working with 1 -bounded metric spaces, the functions Mi and M2 
are trivially nonexpanding. 

Case 3. When [ni]p = 0 and [n2]p = 0. 

In this case Mi is a projection on the first factor which is divisible by p* and 
M2 = kp{n) which is divisible by p®“^. 



Proof (Proof of Main Theorem\^. The diagram 


NpXNp 


Nr, 


^ i(iVp X Np) X Fp 
^p(x) 


pNp X Vp 


(5) 


<f>N„ 


commutes as it can be readily checked that 

(kp{mn), [mn]p) = {Mi(rn,n)M2(rn,n),[mn]p). 

Next we apply the Cauchy completion functor to the Diagram [S] to obtain the 
commutative diagram 


Zp X Zp 


M 1 


4- l{Zp X Zp) X Vp 

J~p ( m ) 


pZp ^ Np 


( 6 ) 


as desired. 


Remark 17 A curious reader may verify that when the elements of Zp are 
represented in terms of infinite streams, we get the following formula for M. 


- Mo{a,b) 

- M,{a,b) 

- M 2 {a,b) 


aobo 

( a if bo = 0 
\T{fj,{ab)) otherwise 
(T{b) ifbo =0 
\ 1 otherwise, 


where T is the tail function, i.e. T((..., 02, Oi, Oq)) = (..., 02, Oi). 
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